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Abstrac:t-The analytical (e;'(act in the limit) or strong (or differential) form ofsolutions to the bench­
mark problems of (i) a;'(isymmetric angle-ply circular cylindrical panels of rectangular planform and
(ii) circumferentially complete circular cylindrical shells. subjected to transverse load and with SS2­
type simply-supported boundary conditions prescribed at the edges. are presented. The problems
investigated. which were hitherto thought to be incapable of admitting analytical solutions. have
been solved. utilizing a recently developed novel boundary-discontinuous double Fourier series
approach. for three kinematic relations. which are e;'(tensions of those due to Sanders. Love and
Donnell to the first-order shear deformation theory (FSDT). Numerical results presented for two­
layer square antisymmetric angle-ply panels. which demonstrate good convergence. and show the
effects of fiber orientation and thickness on the static response of these panels. should serve as
baseline solutions (in the conte;'(t of FSDT) for future comparison with various appro~imatc weak
forms of solutions with either local (e.g. finite element methods) or global supports (e.g. Raleigh­
Ritz. Galerkin).

I. INTRODUCTION

Analysis of laminated circular (circurnferentially) complete cylindrical shells (e.g. rocket
motor cases. submersibles. nuclear reactors. pressure vessels. pipes. tubes. etc.) and circular
cylindrical panels (open shallow shells used in aircraft fuselages. wings, ships. roofs. etc.) is
of current interest because of their increilsing usc in aerospace. hydrospace. energy. chemi­
cal and other industrial applications. It is a common practice to analyze these laminated
shell structures by using such popular numerical techniques as the finite element meth­
ods (FEM). because of their inherent compkxitics introduced by the bending-stretching
and other coupling effects (Seide and Chaudhuri, 1987). Confidence in these approxi­
mate numerical techniques is dependent upon the closeness of agreement of the numerically
predicted displacements and stresses of certain bench-mark problems with their analytical
counterparts. Thin or moderately thick cross-ply and antisymmetric angle-ply circular
cylindrical shells and panels. with certain types of simply-supported boundary conditions.
are two excellent examples of such bench-mark problems. which have attracted considerable
attention in recent years.

Closed-form solutions have been obtained for the case of circular cylindrical shells
subjected to axisymmetric internal pressure with/without temperature changes by Zukas
and Vinson (1971). Reuter (1972). Chaudhuri et al. (1986). and Abu-Arja and Chaudhuri
(1989) and for axisymmetric buckling of such shells by Hirano (1979). Analytical (e.g.
double Fourier series. which are either exact or exact in the limit) solutions have been
presented by Stavsky and Lowey (1971). Dong and Tso (1972). Jones and Morgan (1975),
Sinha and Rath (1976). Greenberg and Stavsky (1980). Hsu el al. (1981). Soldatos and
Tzivanidis (1982). Bert and Kumar (1982) and Reddy (1984). for non-axisymmetric defor­
mation. buckling and vibration ofcross-ply circular (circumferentially) complete cylindrical
shells and panels. with SS3-type [under the classification of Hoff and Rehfield (1965) and
Chaudhuri et 01. (1986)] simply-supported boundary conditions prescribed at the edges.
Soldatos (1984) has used a Flugge-type theory and Galerkin's approach in solving the free
vibration problem of non-circular cross-ply cylindrical shells.
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With regard to the problems of antisymmetric angle-ply cylindrical panels, Soldatos
(1983a,b) and Whitney (1984) have resorted to Galerkin's method. Soldatos (1983b) attri­
butes the non-existence of an exact solution for an angle-ply cylindrical panel to the com­
plexity of the geometry ofa shell (as compared to a flat plate) besides the material properties,
by concluding, "thus, for equations ofmotion ofantisymmetric angle-ply laminated circular
cylindrical panels and shells whose geometry is more complicated an exact closed-form
solution seems to be impossible". While this statement does not attribute impossibility of
obtaining other types of exact (i.e. in the limit) or analytical solutions, no such solutions
have been attempted by either Soldatos or any other researcher. thus leaving a critical
analytical vacuum. Reddy (1984) has succeeded in obtaining i\avier's solution in the form
of double Fourier series to the problems of cross-ply laminated shells, and has concluded
that "Closed-form solutions for deflections and natural frequencies of simply supported.
cross-ply laminated ... shells are derived .. , . Unlike plates. antisymmetric angle-ply lami­
nated shells with simply-supported boundary conditions do not admit exact solutions. The
exact solutions presented herein for cylindrical and spherical cross-ply shells
under sinusoidal. uniformly distributed. and point loads should serve as benchmark results
for approximate methods, such as finite element and finite difference methods". It may be
pointed out here that there appears to be some confusion or controversy with regard to the
definition of "exact solution" in the literature. While expressions for eigenvalues. e.g.
natural frequencies. obtained by both Reddy (1984) and Soldatos and Tzivanidis (1982)
for cross-ply shells are in closed form. the solutions for deflection presented by the former
are definitely not in closed form. Reddy's (1984) solutions for deflection of cross-ply shells
can only he regarded as solutions of strong (or difrerential) form. or solutions exact in the
limit or exact in the sense of Chia (1980. p. 38) and S/ilard ( 1974. p. 43). Chia (1980) has
stated. "The solution is said to be exact in the sense that an infinite set of ... algebraic
equations can be truncated to obtain any desired degree or accuracy. Exact solutions will
be ohtained by douhle Fourier series. generalized double Fourier series and a comhination
of these series ...". According to Szilard (1974). "In general. there are four types of
mathematically 'exact' solutions ... : I. Closed-form solution. 2 ... 3. Douhle trigonometric
series solution. 4. Single series solution".

Recently. Chaudhuri (1989) has presented a novel method for obtaining an analytical
[exact in the limit or exact in the sense of Chia (19IW) and Szilard (1974)I or strong form
of solution. in the form of boundary-discontinuous double Fourier series, to the problem
of a system of completely coupled linear partial dillcrential equations with constant
coefficients, subjected to completely coupled boundary conditions. This method (i) provides
guidance with regard to the selection of appropriate assumed double Fourier series solution
functions, depending on the coefficients of the system of governing partial differential
equations, (ii) guides in making decisions with regard to the discontinuities either in the
assumed solution functions or their first derivatives, depending on the coetlicients of the
boundary condition equations, (iii) ensures uniqueness of the solution, and finally, (iv)
leads to a highly etlident computational scheme in spite of the complexity of the completely
(or highly) coupled PDEs. Chaudhuri (1987, 1989) has also applied this method to inves­
tigate the general nature of these exact double Fourier series solutions in the case of
moderately-thick doubly-curved laminated anisotropic shells of rectangular planform. Ana­
lytical solutions to the problems of antisymmetric angle-ply cylindrical panels and cir·
cumferentially complete cylindrical shells have, however, not been investigated in detail and
their numerical results are still non-existent.

The primary objective of the present study is to apply the aforementioned technique
in obtaining a unique solution to the five highly coupled second-order PDEs subjected to
highly coupled boundary conditions. This study will present (i) analytical (double Fourier
series, which are exact in the limit) or strong (or differential) forms of solutions to the
aforementioned bench-mark problems for three kinematic relations (shell theories), which
are extensions, by Bert and Kumar (1982), of those due to Donnell, Love and Sanders to
the case of first-order shear deformation theory (FSDT) and (ii) some useful numerical
results for antisymmetric angle-ply cylindrical panels limited to Sanders' kinematic relations
alone. as a first step. Although the problem of doubly-curved angle-ply panels was solved
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by Chaudhuri and Abu-Arja (1988) using a preliminary version (Chaudhuri. 1987) of the
boundary-discontinuous double Fourier approach due to Chaudhuri (1989). the criteria
determining when the boundary Fourier series are needed or not needed were neither fully
understood, in the mathematical sense. by the authors at that time. nor were ever fully
investigated by such previous investigators as Goldstein (1936. 1937). Green (1944). Green
and Hearmon (1945), Whitney (1970. 1971) and Whitney and Leissa (1970). This issue has
now been completely investigated. in the mathematical sense. by Chaudhuri (1989). The
present analysis on antisymmetric angle-ply cylindrical panels and shells is. therefore. firmly
rooted to the mathematical analysis. while keeping the door open to physical interpretation
by the intuitive approach of the aforementioned earlier investigations. The numerical results
presented here are expected to serve as bench-mark solutions (in the context of FSDT) for
future comparison with various approximate weak (or integral) forms of solutions with
either local (e.g. finite element methods) or global supports (Raleigh-Ritz. Galerkin).
Definitions of strong and weak forms are available in Hughes (1987). The scope of the
present study will be limited to the type of prescribed boundary conditions (i.e. SS2)
considered by Soldatos (1983b) and Reddy (1984) for antisymmetric angle-ply panels,
although the remaining boundary conditions can be handled with almost equal ease.

2. STATEMENT OF THE PROBLEM

For a cylindrical panel shown in Fig. I. with axial and circumferential lengths. a and
h, respectively, and radius, R, the strain-displacement relations, under FSDT (Reissner­
Mindlin hypothesis) are

where

in which a comma denotes partial dillcrentiation. e, and e;1 (i = 1.2.6) represent the surface­
parallel normal and shearing strain components at a parallel surface and mid-surface
respectively. while e,. e," (i = 4,5) represent the corresponding transverse shearing strain
components. h:, (i = 1,2.6) denotes the changes of curvature and twist. while u, (i = I. 2. 3)
and rP, (i = 1.2) denote the displacement and rotation respectively in the ith direction. The
cocllkients ((~I'(~~) are shell theory tracers, for the extensions of Sanders', Love's and
Donnell's theories respectively to their FSDT counterparts (Bert and Kumar, 1982). The
equations of equilibrium are:

Fig. I. A circular cylindrical panel.
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NI.I +N6.= -c=.rt,[u/R = 0; N6• 1 +c=M6.1/R+N=.= +c 1Q=/R = 0;

N=/R-QI.l-QZ.2-q=0; MI.I+M6.2-QI =0; M6.I+A[~.=-Q~=0 (3)

in which q is the transverse or radial distributed load. Surface-parallel stress resultants. N;.
stress couples (moment resultants). Mi. and transverse shear stress resultants. Q,. are related
to the mid-surface strains. e? and changes of curvature and twist. ";. by

N; = A;;ejO+ Bij"j (i. j = 1.2.6); M; = B'je}o + Dj }", (i. j = I. 2. 6);

QI = A45e~+A55e~; Q= = AHe~+A45e~. (4)

Here A,}, B". D,j are extensional. coupling. and bending rigidities. respectively. and A,j
(i. j = 4.5) represents transverse shear rigidities. For an antisymmetric angle-ply laminate,

(5)

Substitution of eqns (2). (4), (5) into eqns (3) will yield five coupled partial differential
equations with constant coefficients in the following form:

whe:re: the supc:rsc:ripts of the: coetlicie:nts. i, de:note the equation number. ail) (i = 1.... ,5;
j = I, ... , Ig) arc as defined in Appendix B. The five boundary conditions at an e:dge arc
selected to be olle member from each pair of the following;

The boundary conditions considered here are the same as those considered by Soldatos
(1983b) and Reddy (1984), which are termed SS2-type under the classification of Hoff and
Rehfidd (1965) and Chaudhuri el 01. (1986). They are prescribed as follows:

J. SOLUTION FOR CYLINDRICAL PANELS

It has been shown by Chaudhuri (1989) that selection of the assumed boundary­
discontinuous double Fourier series solution functions will depend on the governing partial
differential equations and not the boundary conditions. At stake here is the well-posed ness
of the Fourier analysis. to be achieved through selection of the unknown coefficients of the
assumed double Fourier series solution functions and introduction of certain boundary­
discontinuous coefficients. so that the number of final algebraic equations become equal to
the number of unknowns to furnish a unique complete solution. The details are available
in Chaudhuri (1989) and will. in the interest of brevity, be excluded here. The solution to
the system of five coupled partial differential equations. given by eqns (6) in conjunction
with the SS2-type simply-supported boundary conditions. represented by egns (8). will then
be assumed in the form:



where

in which
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.. '"
(dt.Ug.¢ltl.<p~) = L L (U~n. v~n.X~n. Y~,,)sin(:Xmxdcos(PnxJ;

m=I""",O

" ..
Ul, = L L W~" sin (::xmxd sin (Pnx :);

m_ I n- I

x '"
Ul~ = L L W:,~n cos (:xmx I) cos (Pn x :) ;

m""ltOn=O

IXm = mrr./a; Pn == nrr./b.

5

(10)

(11 )

The above equations introduce (IOmn+5m+5n+ I) unknown Fourier coefficients.
The ne:\t operation will comprise differentiation of the assumed solution functions. which
is a necessary step before substitution into the equilibrium eqns (6). The procedure for
differentiation of the assumed double Fourier series solution functions for the most general
type of bound'try condition has been described in detail by Chaudhuri (1989). the appli­
cation of which to the present problem is relatively straightforward. The illustration of the
procedure. described in Appendix A. will. in the interest of brevity of presentation. be
limited to obtaining the first partial derivatives of the assumed solution function. ul

,'. These
two derivatives directly follow from eqns (A2b). (A2c). (A8) and (A 11) and can be rewritten.
in the linal form:

, "
lilll,ICtl.X:) = - L L U:.~"lXm sin (IXmxd sin (fl"x:) (0 < Xl < a.O < X: < h) (12a)

m~ t n ...... t

'.t) XI

II
l
t
l,:(.\'"x:) = ieu+ L k,.. COS (IXmxd+ L {fJ"U~n+ !(coy,,+doo,,)} cos (/1"x2)

m-l n-I

L L

+ L L (PnU~.. +cmy"+dmjj,,)COS(lXm.'tI)cOS(P,,x:); 0 ~ Xl ~ £1,0 ~ X2 ~ b (12b)
m-lll-l

where

and

{
(O, 1) for i odd

(y/oJd = (1,0) for ieven

em == £1:1" {Ultl(X"h)-U1tl,I(Xt>0)} COS (IXmXI)dxl

tim = - a:t {lilll,I(Xl,h)+UIII.I(XI'O)} COS (IX",XI) dXI'

(13)

(14a)

(14b)

Extension of the above procedure to the second derivatives is straightforward (Chaudhuri.
1989) and will yield:
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II I >; • L X II

UI.I~(.\"I'X~) == - 2: L7.mCmsm(7.mx 1)- L L 7.m(Pn Umn+ Cmi'.+dmJ.)
m_ I ".- I II. I

L L L

uli.dx"x~) == - L {P;U~~+ !P.(coYn+doPn)} sin (P.X2)- L L
II""" I ms 1 ,,~I

where

( 16a)

(16b)

A similar procedure applied to the other assumed functions leads to 16 more constants: e•..
f.. i•• in. mn. nn. qn. r•• for each n, the four pairs being associated with U~I, U~I.I> t/Jli. t/J~I.I'

respectively along the boundaries x I == 0, a; and 9m' hm, km• 1m, Om' Pm. Sm' 1m , for each m.
the four pairs being associated with U~.2' U

1
r2' t/J li.2' t/J~, respectively along the boundaries

X2 == O. h. It may be noted that the first and second derivativcs of the first parts of the
assumed solution functions-u: (i == 1,2,3) and t/Jl (i == I, 2)-can be obtained by termwise
differentiation (Chaudhuri, 1989). The details will be omitted here in the interest of brevity of
presentation. The above step introduces (IOm+ IOn+ 12) additional unknown coetlicients.
which ask for as many equations, to be supplied by the boundary conditions to be presented
I.lter. It will be interesting to offer the following physical explan.ltion of the above mathe­
matical operations, as applied to the present problem:

The first parts of the assumed solution functions II: (i == 1,2,3) and t/J: (i == 1,2) which
are the same as those assumed by Reddy (1984) as complete solutions, satisfy the prescribed
boundary conditions, given by eqns (8), a priori. Since they do not violate any physical
conditions at the boundary, their partial derivatives can be obtained by termwise differ­
entiation. The second parts by themselves do not satisfy the prescribed boundary conditions.
Hence, according to Chaudhuri's (1989) method, they are forced to satisfy the prescribed
boundary conditions given by eqns (8). Still, discontinuities may arise out of violation
of other physical conditions at certain boundaries by these functions and/or their first
derivative(s). In such events, termwise differentiation of the assumed functions and/or their
first partial derivative(s) concerned may not be valid, as stipulated by Green (1944), Green
and Hearmon (1945), Winslow (1951), Whitney and Leissa (1969), Whitney (1971) and
Chaudhuri (1989). The corresponding first or second partial derivative(s) must be obtained
by expanding them in the form of double Fourier series, in a manner suggested by the
above investigators. This will be illustrated for the case of the two first partial derivatives
of the assumed solution function, uli, which does not automatically satisfy the prescribed
geometric boundary conditions at the edges x I == 0, a; these are then satisfied by force.
which will yield additional equations arising out of satisfying boundary conditions to be
described later. uli however, vanishes at the edges X2 == 0, h, which is a violation, because
at these edges Ut == UI and Nt == N 6 cannot, according to the variational principle, be
simultaneously prescribed. Therefore, UIII.2 cannot be obtained by termwise differentiation,
although UIII.1 can be obtained that way.

Expansion of the uniformly distributed transverse load into a double Fourier series

'to '"

q == L L qm. sin (2mX I) sin (P.x 2)
rn- I ,,- I

( 17)
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and substitution of the assumed solution functions and their appropriate partial derivatives
into eqns (6a) will yield:

x x
" ".' ( ), .(P )1«(1) ; III P;(I),11 P (I)", +P IliudL.. L.. sIn 2 m X! cos "X; I a, -2m t1; - "a~ L m"-2", "a7 ."," "aI U··",,,

m= I "= I

(18a)

( 18b)

" .' ( .) '( I,) ""z (I)UI + yl (,Ill ""z ,Ill) III ' ,Ill + ,/11 (,(II ""z ,(II)L- sin ~m~\: It ill -""'mll~ ",11 ",n ( I ~ -\A",' If) - Z "1("'(" .. ",t1 (1 -'.Am' (.
m-I

(Ilk)

" " (I' . )'1" «(II I'; (1)+,,"1 «(I) I'; II)+U"( I') I'; (11)+1 (I)L.. sin ,,,X; t U" "j - '""K .\ "" "II - ,,,al~ u" "I - ,"a~ 1",,"1
,,- I

- ku/J"{,,ll~1 - !c1u/J"(),,ll~) -IJ"dn W::" - !a';) IJ"e" - !di\IJ"m"

(18d)

where the superscript i takes on the values i = 1.2,4 and 5. Similar operation on eqn (6b)
and substitution of eqn (17) will yield:

I.

L L sin (lI",xd sin (jJ"xJ{ -IJ"llSI)U~" -1I",a~11 V~"" + (d/) -oc,;ra~ll_p~{N) W~"
tn- I n- I

(I) vi /" (1) y' (Jl V" (/ (I) V" + f:1 (1) ,vII
- f'J.",lll) ... \ mn - J"tli ~ mn - ':J.", 1I 1 mil -,J"lI~ ",n CX", Intl7 "y ~"n

(19a)

.. (

L L cos (x",x I) cos (jJ"X1){ X",1l\1
1V~" + IJ"cN) V~" + oc",IJ"til) W~" + p"aW X~""

m- I"-!

(19b)

(19c)
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L cos(fJ.x:>:IJ.a~'IJ-:,.+P.a\~;X:)n+.B.a~JIU:,I.+ !a~"Coi'.+ !a~Jld"c5.+ !d/'e.
,,= I

( 19d)

( 1ge)

Equating the coefficients of the trigonometric functions of eqns (18) and (19) will
contribute IOmn+5m+5n+ I linear algebraic equations. The remaining 10m + 10n+ 12
linear algebraic equations are supplied by the geometric and natural boundary conditions.
given by eqns (8). For example. satisfaction of the geometric boundary conditions
III (0. X2) = II) (a.x2) = 0 and equating the coefficients of sin (.8•.'1:2) will contribute the fol­
lowing 211 linear algebraic equations:

I () .. u!,~. = 0; U::.+ I y.. u!,~. = 0: forall II = 1,2..... (20)
", ~ 1 ,,, = I

The remaining 10", + 811 + 12 eq uations are contributed by the rest of the boundary
conditions of eqns (X). Therefore. depending on the desired degree of accuracy. a finite set
of 10"'11 + 15", + 1511 + 13 linear algebraic equations in as many unknowns needs to be
solved. In the interest of computational elliciency, eqns (IX). (19) arc solved for U;"., V;"n.
W;"". X;""' r;"". i = I. II in terms of the constant coetlicients an' h". em. elm. etc. which arc
then suhstituted into the equations arising out of the boundary conditions [e.g. eqns (20)J
finally yielding l/". hOI' em. elm. etc. following an approach suggested by Chaudhuri (191\9).
This operation will reduce the size of the prohlem under consideration by an order of
magnitude. finally resulting in 10",+ 1011+ 12 linear algebraic equations in as many
unknowns. the solutions of whidl are relatively speaking trivial.

It may he noted that for an antisymmetric angle-ply plate (R = 00),

Substitution of eqn (21) into el/ns (6) will reduce them to their flat plate counterparts.
Furthermore. substitution ofeqn (21) into the final solutions [eqns (18)-(20)J can be shown
to yield the corresponding flat plate solution presented by Bert and Chen (1978) and Reddy
(19S4). Substitution of

will reduce eqns (6) to their counterparts for a homogeneous orthotropic plate-eqns (8).
(A I) of Chaudhuri and Kabir (19S9). who have presented solutions only for the SS4-type
simply-supported and C4-type c1~lmped boundary conditions. However, solution in the
form of linear algehraic equations for the SS4-type boundary conditions can easily be
modified to obtain their SS2-type counterparts. which can be shown to be identical to those
obtained by substitution ofeqn (22) into eqns (18)-(20). thedetails of which will be omitted
here in the interest of brevity. This will be further dealt with in Section 5.
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~. SOLUTION FOR A CIRCUMFERENTlALLY COMPLETE CYLINDRICAL SHELL

9

For a circumferentially complete circular cylindrical shell. the X~ coordinate is replaced
by the angular coordinate. e. where X~ = Re. The resulting governing partial differential
equations are similar to eqns (6). The assumed solution functions are still given by eqns
(9). (10) with the argument fJrr'(~ replaced by ne. where nis as before. an integer. Since the
assumed trigonometric functions of ne automatically satisfy the closure condition of a
circumferentially complete cylindrical shell. the partial derivatives of all the assumed
solution functions with respect to ecan be obtained by termwise differentiation. Only the
assumed solution functions with superscript II. and/or their first partial derivatives with
respect to XI may have edge discontinuities. in which case termwise differentiation will no
longer be valid. This will be illustrated for the partial derivatives II

l
i.1 and 11

1
1
1
.11 as before:

" r-

11
1
1
1
.1 (XI. 0) = - I I U~n~m sin (:XmXI) sin (nO); (0 < XI < a) (23a)

m= 1 rr= I

I " x r.

11
1
".11(.\"1. 0) = ~ I an sin (nlJ)+ I I (-~';'U~n+a.Ym+bne5m)coS(~mxl)sin(nO).

"'m=1 m=I,.".1

(23b)

Comparison with the preceding section will reveal that all the unknown coefficients
with subscript m. e.g. em' elm. will vanish in the case of a circumferentially complete circular
cylindrical shell. Following an identical procedure as in the preceding section. a finite set
of 10",,, + 5", + 5n + 7 equations in terms of the identical number of unknowns is generated.
Following the procedure given by Chaudhuri (1989). these are reduced to a system of
5", +5n +6 linear algebraic equations in as many unknowns. an. bn•. ..• which can be easily
solved.

5. NUMERICAL RESULTS AND DISCUSSIONS

The present study will investigate. as an example. a two-layer antisymmetric angle-ply
moderately-thick cylindrical panel of square plan form (a = b) with tiber orientation of
-U/iJ. The layers arc of equal thickness. The length. a. and the mean radius. R. of the

cylindrical panel are 812.8 mm (32 in.) and 2438 mm (96 in.). respectively. The uniformly
distributed pressure. q. is 0.6895 GPa (100 ksi). E.(=Ed and E~(=Ed. Young's moduli
of a layer in the directions parallel and transverse to the fiber direction. are 172.4 and 6.895
GPa (25.000 and 1000 ksi). respectively. The shear modulus G~J (= Grr> is assumed to be
equal to 3.448 GPa (500 ksi). The shear moduli. GI~ and GIJ (=Gu ), arc assumed to be
the same in the case of highly crystalline graphite fiber-reinforced composites. The major
Poisson's ratio. v 1~ (= vu), is taken equal to 0.25. Sanders' kinematic relations, extended
to FSDT, have been used in the computation. This example is selected. because analytical
solutions for the corresponding spherical panels of otherwise identical material and geo­
metric parameters have recently become available (Chaudhuri and Abu-Arja. 1988). The
following non-dimensionalized quantities are defined:

11,·= 320E~h~ud(qaJ); i= 1.2; lit· = lOut

ut = 320E~hJuJ/(qa4); ¢! = 10¢~

"'1,*= 1024Md(qa~); i= 1.2. (24)

Table 1 presents a convergence study of ut. ur, ¢ I' Mr for various aspect ratios. a/h. and
fiber orientation angles. iT. II! and Mr are computed at the center of the panel. while ur and
¢ I arc computed at the mid-points of the two sides, (a/2.0) and (0. b/2). respectively. It
may be noted that not only the side-to-thickness ratio. a/h. but also (J plays a role in the
convergence of displacements. rotations and bending moments. Convergence rates of u!.
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Table I. Convergence of u~ (at the center). ur (at x I = a2. x: = 0>. ti> I (at x I = O. x: = n,2>. and
.\fr (at the center) for various aSpl.'\:t ratios. <Jh. and fibt:r onentation angle. tJ

IT 0 22.5

<Jh m = n 4 6 8 4 6 8

u~ 10 2.708 2.738 2.737 3.505 3.547 3.548
20 1.8lJ6 1.lJ23 1.924 2.441 2484 24lJ6

1I~ 10 0 0 0 1.725 1.754 1.762
20 0 0 0 1.2lJlJ 1357 1.367

.p, 10 I.lJl2 1.932 1.932 2.979 3.f)()lJ 3.019
20 13.75 13.98 13.99 19.05 1944 19.57

.\f~ 10 123.3 125.2 124.9 79.63 1\1.71' 81.23
20 110.0 112.J 112.0 62.25 1>4.59 M.JO

r/J~. M! arc similar to those of IIf. r/J 1 and Mf. respectively. and hence these are not shown
here. The convergences for the displacements and rotations of two moderately-thick cyl­
indrical panels shown in Table I are reasonably rapid and may be regarded monotonic.
The results for the special case of homogeneous orthotropic shells (II :::: 0 ) compare t~1V­

orably well with those obtained using an extension of the approach presented by Chaudhuri
and Kabir (1989) to the case of SS2-type boundary conditions. These results testify to the
validity of the analytical approach and the accuracy of the numerical results. It may be
noted that the convergence for the moment. Mr. exhibits bounded oscillation. which is
acceptable according to the theory of Fourier series. as expounded by Hobson (t926). The
amplitude of oscillation. however. decreases with the increase of the number of terms. while
the mean value increases. and the amplitude of oscillation serves us an error norm. This
phenomenon has also been observed by Chuudhuri und Kabir (19!N). Numerical results
that arc presented below have been obtuined by using", = n = X.

Figures 2 and 3 show the variation of the non-dimensionalized displueements. rotutions
and moments along the centerline. x~ = h/2. of a moderately-thick cylindrical panel
(a/II :::: 10) with II = 45'. figure 4 exhibits the variation with the tiber orientation angle. (J.
of the non-dimensionalized transverse displacement. lit, at the center (a/2. b/2) ; the surface­
parallel displacement. IIr. and the rotation. r/J~. at the mid-point of a side parallel to the x 1­

axis. (aI2. 0) ; and the surt~lce-paralleldisplacement. II!. and the rotation. c/J I' at the mid­
point of a side parallel to the x2-axis, (0.11/2). The variation of the central moments with
tiber orientution angle, (J. is presented in Fig. 5. It may be noted that the transverse
displucement. 11'. and the bending moment. M I. are symmetric with respect to the centerline

·.u,

3

2

-1

-2

-3

/",
I.'t.

I
J

0.25

·u.

·u.

cpO•

Fig. 2. Variation of displacements and rotations along the center line. x, = h:2. of a cylindrical
panel.
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Fig. 3. Variation of bending moments along the center line. X1 = bj"2. of a cylindrical panel.
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Fig. 4, Variation of displacements and rotations with the tiber orientation angle. O.
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Fig. S. Variation of bending moments with the tiber orientation angle. U.

XI = a12. while the surface-parallel displacements and rotations are antisymmetric with
respect to the same. Similarity of these plots to their independently computed spherical [see
Figs 2-5. Chaudhuri and Abu-Arja (1988)] counterparts testifies to the accuracy of both
the sets of results. Currently unavailable numerical results. on (i) comparison with other
shell theories (e.g. Donnell and Love). (ii) comparison of free vibration results with those
of Soldatos (1987) and Kabir and Chaudhuri (1991). and (iii) circumferentially complete
cylindrical shells. will be published in forthcoming papers.
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6. CO~CLUSIO~S

The analytical (exact in the limit) or strong (or differential) forms of solutions to
the problems of moderately-thick antisymmetric angle-ply circular cylindrical panels and
circumferentially complete circular cylindrical shells have been obtained utilizing a recently
developed novel boundary-discontinuous double Fourier series approach. This method
facilitates the well-posed ness of the Fourier analysis through selection of the unknown
coefficients of the assumed double Fourier series solution functions and introduction of
boundary-discontinuous coefficients, so that the number of final algebraic equations become
equal to the number of unknowns to furnish a unique complete solution. The two bench­
mark problems investigated here were hitherto considered by the researchers in the field to
be incapable of admitting analytical solutions, which are expected to sene as baselines (in
the context of FSDT) for future comparison with those obtained by such popular numerical
techniques as the finite element methods. Analytical solutions have been obtained here for
three kinematic relations. which are extensions of those due to Sanders. Love and Donnell
to the first-order shear deformation theory (FSDT). Numerical results. that have been
presented for two-layer antisymmetric angle-ply cylindrical panels of square planform
utilizing the extended version of Sanders' kinematic relations. demonstrate good conver­
gence. and also the effects of side-to-thickness ratio and fiber orientation angle on the static
response of these panels. Extension of the approach presented herein to (i) include the efrcct
of boundary constraints. (ii) the problem of free vibration and (iii) other types of laminated
shells. and currently unavailable numerical results. on (i) comparison with other shdl
theories (e.g. Donnell and Love). (ii) for free vibration problems and (iii) circumfcrentially
complete cylindrical shells. will be published in forthcoming papers .

.·I,-kT/IIII""c1"c'm"T/t.,-The authors wish tu thank the Editor. Professur C. R. Steele. and the reviewer fur their
uscful cummcnts on an carlier versiun uf the manuscript.
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AI'PENDIX A

n/(' rlilfi''''ntitltion "!"fi,l/-relful" ,/"uhI.· fill/ril'r series
Essential principles of dillerentiation have been e:{pounded by Hobson in his e1assic volume (1926) on the

suhject and reVIewed hy Winslow (1951). in the context of ordimlry Fourier series. Extension of the same to the
c,lse of douolc Fourier series has hcen treated by Chaudhuri (19M').

In general. the series obtained by differentiating a convergent double Fourier series. representing a function
F( l,. l,). is not convergent: neither is the series so obtained necessarily the Fourier series corresponding to the
particular partial derivative of F(l"X,), Let F(x,.x,) he a bounded function and he piecewise continuous (i.e.
continuous e:{ccpt for a finite number of ordinary discontinuities) ; let it also be assumed that the partial derivatives.
F,C\ I' x,). i = I. ~ have a Lebesgue integral in the domain (-a. a) x (-h. h) and that if it has lines of infinite
discontinuity (e.g. Dirac Ddt,l function). such lines form a reducible sel. This is consistent with there being a set
of lines of lew measure at which F,(x, .x.) has no definite value.

We consider as an e:{ample u','·(x,.·x,i. which. as defined in ellns (10). is an even function with respect to x,
and an odd function with respect to x,.

(AI)

The full-range double Fourier series e:{pansion for the function and its two first partial derivatives arc as follows:

wherein

'. ~

1I','(X , .x,) = L L U~cos(:Xmxl)sin(fJ.x,)
",,_0""'1

~

U','.I(X"X,) = L L B~sin(:Xmx,)sin({/.x:)
",.IIf·1

"'I., -L,

u't,(x,.x,) = L L C~cos(:Xmx,)COS(P.x,)
",_0 .. _0

(A~a)

(A:!b)

(A2c)

for m. n = I.~•...• OC! (A3a)

I f" fhL':~ = 'If, II','(X I .X:) sin ({/.x,)dx, dx: for
_ll _" __ It

n = I. 2..... <Xl (A3b)
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for m.n = l.:!..... ::c

for m.n = t.:!..... xc

for n = l.:!..... x

for m = I.:!..... x

(A3c)

(A3d)

(A3e)

(A3f)

(A3g)

Integration by parts of r.h.s. of eqn (A3a) will yield the following:

xsin(finx:)d.~: for m.n = 1.2..... 'X' (A4a)

If" If" d":'C~n = fJ,{'~ + -.::II'.'(X,. 1>-0) -11'.'(.~I' -1>+0):-< -I)' cos (:x~x,)dx, + " 2: :11'.'(X,.x:,,-O)
lip <1 lln -".I~ I

-11','(.\,. ~~/+Oll sin({jnx:.,)cos(:x~,\tldx, for m.1I = 1.2....• XJ (A40)

I f"e::. = finU:~ + ~, :11','(\,.1> -0) -II','(X,. -h +0):-< - I r dx,
_tlfJ _.,

1 f"C::" '" 4 I :d,'( ~ ,. I> ··0) -11','(.\ I, -I> +0!I dx,
a) <,

III = 1.2., ... "f:-

for II '" l. .... c

(Mcl

(Md)

(Me)

d'V". i = l. 2. in cqns (,\4a). (,\4h) represcnts the numher of discontinuities in the direction.x,.
It is worthwhile to draw attention to a theorem [sec lIobsoll (1926) and Chaudhuri (l9l!911 which implies

that if i' function F(x ,. x:) is an odd function of x ,. i = 1.2. represented by a full-range duuhle Fourier series in
the Jomain (-11.11) X (-h.h). t<:rmwise partial dilTerentiatiun of the Fourier series with resp...'Ct to x, docs not
represcnt the lirst p.,rtial derivative F,(x ,. x:) unless (i) FAx ,•.~:) is continuous in thc interior of the above
Jmnain. and (ii)

F(a-O,x:)=F(-1I+0.x:)=O for i=land/or F(x"I>-O)=F(x,,-h+O) for i=2, (A5)

In the case of all even function, condition (i) will sulliee. This is clearly true for "','(x,,x:) and its lirst partial
Jerivatives. as is eviJent from eqns (A4).

Diffen'nlhll;Ofl olha/f~rtlfl.l/t·dot/hie FlJllrin st'ries
The present solution. e.g. II','(x,. x:) [sec eqns (I0l). is represented by double Fourier series in the domain

(0. tI) x (0. hI. the lengths of the intervals in the directions. x, and x:' being one-half of the full ranges of intervals
of periodicity. 211 and :!I>. respL'Ctivcly, II','(X" x:). in addition to being an even function of x I and an odd function
of x. as stateJ earlier. is also continuous in the interior of the domain (0.11) x (0. hl. and docs not vanish at the
edge~. x: =0.1>, The half-range double Fourier series representation for 1I','(x,.x:) and its tirst two pi,rtial
derivatives are given by e'lns (A II. wherein

~ f" f'U:~. =. II','(X,.X:)COS (x.,x,lsin (fi,x:)dx, dx:
ah n I)

4 f" f'C~. = ··h'· /I','.:(x,.x:)cos(:x~x,)cOS(fJ,,~:)dx, dx:
a lJ 0

for m,1I '" 1,2., ... 'fj

for I/I.n = l. 2... " Xc

for m. /I = t, 2•. , .• x;

(A6'1)

(A6b)

(Mc)

,f" f'C~n =.:.. u''''l(x,.x:)cos(:x~x,)dx, dx:
.(1/1 II 1I

for II = I, 2.... ,x.

(A6<1)

(Me)
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c::" = ~hf" f" U','.:(.T,.X:) liT, liT;-
1I n 0

Substitution of

into eqn (A·b) will yield

15

(AM)

(A7)

(AS)

which implics that the first partial dcrivativc. u','., (x I' x:). can be obtaincd by tcrmwise diffcrentiation of thc half­
range Fourlcr scries e:\pansion of u','(x,.x:). represented by eqns (Ala). (A6a). However. thc othcr first partial
derivative. u','.;(x I. x;). cannot be represented by the termwise diffcrentiation of the serics. givcn by eqns (A Ial
and (A6a). becausc U',I.;(X,. x;) has ordinary discontinuity atthc linc x; = 0 and also because

ul,'(x,.h-O) #- u','(x,. -1>+0) #- O.

The Fouricr cocfficients for II',':(X ,. x:) must thcn be obtained by substituting in cqns (A~)

(A9)

""" = I: X:d = 0 and u','(x,. -h+O) = -II',I(x,.h-O); u','(x,.O-O) = -II','(X,.O+O) (AIO)

which will finally yield

for ",.n = 1. 2....• "t:. (Alia)

~ J""e:~ ~ -, :II','(X,." -0) - u','(x,. 0 HI): cos (2~X,) \Ix,
a' II

If"e::" '''', :11','(\ ,." -0) '_11','( \ ,. 0 +0): dx,.
a' II

APPENDIX n

for "

for ", ~ 1.2..... ·r

1.2... ,. 'f,

(Allo)

(A lie)

(A lid)

lkji"ilioll O/C"'llIill "'III.a'/llI.<
Thc non-/cw conslants rcfcrrcu to in cqn (6) arc writtcn as follows:

d/ l -= ..1'1; £1\" -= -2t:.H'tt/R: 1l~1' == lJ~11 = Ahb+t~OMJR1: a~IJ:;;:::: d:.!l = l:.B,tJR;

d7
11 = aI/' = A.11+Ah~-t~DIlt.lR1; i.l~1) == a~!l == -(-:!B1f1/R~ u~,1l = dl'l = A,!/R;

ll'tI~=d/-l=u~~I=ll~"'=B!h: d ..!'=-i:;A.u/R!; d/'=2i'::.B!,..IR; u~!'=A!!~

tl\~II:;; t,ll.. ' , = (.{!!+('7,A u ),R; d,!~ = u\" == ,-::.Au/R; d,!i = u'/" == 2B 1f1 ; al.. 'l = A!!/R"!;

ll~'l =llV' =1l~,"1 =d,"/ == -A .. ,; CI~'I =0\'; =lJ\~: =£l,'; = -A 44 ; u\:: =1I\'11 =d,~: =1I~"J1 = B~,)R~

(81)


